Abstract-To fill a theory gap of Voronoi diagrams that there have been no reports of extended diagrams in spatial density so far. A new concept of spatial density Voronoi diagram was proposed. An important property was presented and proven. And a construction algorithm was presented. Spatial density can be used to indicate factors related to density such as conveyance and the traffic conditions. Some properties of spatial density Voronoi diagram were also introduced. In accordance with discrete construction method, achieved the construction of spatial density Voronoi diagram. Spatial density Voronoi diagram is a developed Voronoi diagram, and planar ordinary Voronoi diagram can be regarded as its special cases. It both perfected the theory about Voronoi diagrams, and extended the range of applications of Voronoi diagrams.
I. INTRODUCTION
Voronoi diagram is one of a few truly interdisciplinary concepts with relevant material to be found in, but not limited to, anthropology, archaeology, astronomy, biology, cartography, chemistry, computational geometry, crystallography, ecology, forestry, geography, geology, linguistics, and urban and regional planning. An unfortunate consequence of this is that the material is extremely diffused, of varying mathematical sophistication and quite often idiosyncratic. The amount of material relating to Voronoi diagrams has also been growing steadily since the early 1980s .This proliferation results in part from the opening up of new areas of application and in part from the basic concept being extended in a variety of ways [1] .
The concept of the Voronoi diagram is used extensively in a variety of disciplines and has independent roots in many of them. However, all kinds of Voronoi diagrams developed in Euclidean space. In fact, in many practical applications, the space is not ideal as Euclidean space. Spatial density also plays an important role. To take city Voronoi diagram for an example. The time from one point to another, relates either to the distance between the two points or the means of conveyance and the traffic. The traditional Euclidean space could not indicate those important points [2] .
To meet the practical requirement, this paper first mentioned the concept of spatial density Voronoi diagram. The concept represents population density, traffic conditions, climatic conditions and related factors. Spatial density Voronoi diagram perfects the theory about Voronoi diagrams, and the range of applications of Voronoi diagrams is extended. That makes great effort to the Voronoi diagram research and development.
II. PRELIMINARIES
In this section, we review briefly some notions and results related to Voronoi diagrams.
Definition 2.1 (a planar ordinary Voronoi diagram)
We consider a finite number, n, of points in the Euclidean plane, and assume that 
If p i is the nearest point from p or p i is one of the nearest points from p, we have the relation
. In this case, p is assigned to p i . Therefore, Definition 2.1 is written mathematically as follows. In the literature, a generator point is sometimes referred to as a site, as shown in Fig 1. 
Definition 2.2 (a planar ordinary Voronoi diagram)
We call the region given by
the planar ordinary Voronoi polygon associated with p i (or the Voronoi polygon of p i ), and the set given by
the planar ordinary Voronoi diagram generated by P (or the Voronoi diagram of P ). We call i p of   
the ordinary Voronoi polygon associated with p i and the
the planar ordinary Voronoi diagram generated by P .
The equivalence of Definition V3 to Definition V2 is apparent, because
, where
We call the region
the m-dimensional ordinary Voronoi polyhedron associated with
, and
Property 2.1 [4]
A non-empty convex polygon, and
Property 2.2 [5]
For a Voronoi diagram generated by a set of distinct points
is unbounded if and only if i p is on the boundary of the convex hull of P, i.e.
Property 2.3 [6]
For the Voronoi diagram generated by a set of distinct points is not an edge of CH(P).
Property 2.4 [7]
The nearest generator point of p i generates a Voronoi
Property 2.5 [8]
The nearest generator point from p i exists in the generator points whose Voronoi polygons share the
Property 2.6 [9]
The generator p i is the nearest generator point from 
III. SPATIAL DENSITY VORONOI DIAGRAM
In this section, we introduce concept of spatial density distance and Voronoi diagram in space with density. And we propose a secret approach to construct the spatial density Voronoi diagram. As fig. 2 shows, the shaded part is the the spatial density distance between points p i and p j based on density distribution function z=f(x, y) in space.
Definition 3.2 (spatial density Voronoi diagram)
. And distribution function z=f(x, y) is integrable in density space. We call the region
the spatial density Voronoi polygon associated with p i based on density distribution function f (or the spatial density Voronoi polygon of p i ), and the set given by: 
Obviously, the Voronoi diagrams are same if they are based on the same distance. Thus, the planar ordinary Voronoi diagram is the particular case ( f=1) of the spatial density Voronoi diagram.
IV. DISCRETE CONSTRUCTION OF VORONOI DIAGRAM

Definition 4.1 (Discrete Distance) [10]
For each pixel p(x, y) on the screen, where 
Definition 4.2 (Discrete Voronoi diagram) [11]
, p i is the pixel on the screen, (11) the discrete Voronoi polygon associated with p i , and the set given by V=   
Propertiy 4.2
Discrete Voronoi edges are polygonal lines consist of pixels on screen.
Propertiy 4.3 [12]
Discrete Voronoi regions consist of some pixel on screens, the distance from which to its generator less than that to the other generators. If there is a pixel that the distance from it to its generator equal to that to another generator, the pixel is in the region of the generator which has minor subscript values, as shown in Fig. 3 . 
Formaton of Discrete Voronoi Diagram [13]
Now we take 3 generator points as the example, and construct Voronoi diagram using discrete algorithm. First, we assign different colors for different generators, as shown in Fig. 4 (a) .
Then expand centered on respective generators. In this process, every pixel we consider should be painted with the right color that is concordant with that of its generator, as shown in Fig. 4 (b) .
Before paint every pixel, the color of the pixel should be judged. Only those pixels with white color are be painted. And if the pixel which is going to be painted is already a color one, proceed to next step, as shown in Fig.  4 (c) .
The procedure end when all points on screen are marked color, as shown in Fig. 4 (d) .
When all points on screen are marked color, the regions with different color form the Voronoi edges. To make the region boundaries visible, we do progressive scanning on full screen. Each time we record the color value of current pixel, and compare to the previous one. When two adjacent pixels are different color, one of them is marked by black color (such as the first one is turned to black). The black pixels construct the Voronoi edges, as shown in Fig. 4 (e) .
Do the second progressive scanning full screen. This time, we retain those black pixels, and turn other pixels to white color. Now we get the Voronoi diagram, as shown in Fig. 4 (f) . Fig. 4(a)-(f) gave a production process of Voronoi diagram with 3 generators, and the main technical steps of construction of Voronoi diagram are described in detail as following [14] : [15] In programming, when all pixels of one Voronoi region associated with a generator point have already been marked, the generator point should be deleted from treating list consisted of set of generator point. The decision method is as following:
Decision of Formation of Discrete Voronoi Diagram Region
In the procession of expanding centered on respective generators, it is unable to form a circle for fixed radius value. Meanwhile, make radius value growing larger, repeat above procedure, and a closed circle may be formed. For a given generator point on screen, expand with a radius value r, there exists a minimum radius value e such that a closed circle be formed. And the expression of r and e is: Give n generator points on the screen, and expand centered on respective generators. In the process of painting, if there still white pixel, painted it with the right color, otherwise delete this generator point from treating list. Fig. 6 shows the judge processing, where the point p would be deleted. [16] According to the actual requirement, we represent boundary with one color, and the background with another color. For instance, here we use black boundary and white background.
Formation of Approximate Discrete Voronoi edges
After scanning was over, all pixels on the screen are all marked color, as shown in Fig. 7 (a) . First, we scan full screen from left to right. Each time we record the color value of current pixel, should compare with the previous one. If the two adjacent pixels are different color, the first one is marked black color, as shown in Fig. 7 (b) . Then scan full screen from up to down. If the two adjacent pixels are different color, the up one is marked black color. And Voronoi edges show up with black color. At last, do the third progressive scanning full screen. This time, we retain those black pixels, and turn other pixels to white color. Now we get the Voronoi diagram. Fig. 7 (a) Output: Spatial density Voronoi diagrams generated by those generators based on density distribution function f.
Step 1: Built array min [2] and array p-min[2];
Step 2: i=0, j=1;
Step 3: Compute the spatial density distance d f (p, p i ) between pixel which coordinates are (i, j) and its generator p i ;
Step 
Application Models
Specific examples constructed by algorithm abovementioned are as following:
Spatial density Voronoi with 300 generators which generate randomly based on density distribution function f=3(x+300) + 2 (y+500) is shown in Fig 8 . VI. CONCLUSION A new concept and some properties of spatial density Voronoi diagram was proposed in this paper. The planar ordinary Voronoi diagram can be regarded as the generalization of the spatial density Voronoi diagram with the spatial density function f=1. Construction of spatial density Voronoi diagram is also presented and examples implementation is given in the end of the paper. Spatial density Voronoi diagram has better theoretical guiding significance and higher application values.
